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Synopsis

Open-loop optimal temperature control strategies for the batch free radical polymerizations of
styrene are investigated using the minimum principle. Two kinetic models, one considering the gel
effect and the other incorporating both the gel effect and the glass effect, are employed. By using
the Min-H strategy, a control variable program that minimizes one objective function and yields
values of other terminal quantities can be obtained. It is found that the optimal temperature
programs are highly dependent upon the kinetic characteristics of reactions. The gel and glass
effects, which control ultimate molecular weights, play important roles in affecting the tempera-
ture programs. Numerical examples using two objective functions, one in which reaction time is
minimized, and the other in which molecular weight distribution is minimized, are presented. The
theoretical predictions using kinetic model with the gel and glass effects are also compared with
experimental measurements of conversion, molecular weight, and molecular weight distribution.
Although the agreement between the experimental work and the theory is less than satisfactory,
the trends of policy improvements are consistent.

INTRODUCTION

Many polymers are produced in homogeneous reaction media; the free
radical bulk polymerization of styrene and methyl methacrylate (MMA), the
condensation polymerization of polyesters and nylons, and the ionic polymer-
izations of butadiene and styrene, to mention a few. The optimization of these
polymerization processes has long been of interest to researchers. A compre-
hensive review concerning optimization and contro! of polymerization reac-
tors, including mathematical models and on-line sensors, has been conducted
by MacGregor et al.!

Optimal temperature or initiator addition policies that minimize reaction
times2~8 or the breadth of the molecular weight distribution® ! for chain
addition polymerization in homogeneous batch reactors, known as lumped-
parameter systems, have been investigated quite extensively. For optimization
of copolymerization reactors, Chen and co-workers'*!? have studied minimum
end time policies for batchwise radical chain polymerization using the initia-
tor feed rate and temperature as two control variables. Tsoukas et al.!* and
Farber!® have investigated multiobjective optimization problems having dual
objectives of narrowing both copolymer composition and molecular weight
distributions. The optimization of condensation polymerizations of nylon 6
and poly(ethylene terephthalate) aiming at the maximizing monomer conver-
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sion, minimizing the side product concentration, or improving the property of
final products have been conducted by Ray and Gupta'® and Kumar and
Sainath,!” respectively. The former authors used temperature as a control
variable, while the latter employed both temperature and pressure as control
variables. Frontini et al.'® have proposed optimal periodic control policies of
monomer and initiator feed flows for anionic polymerization of isoprene.

Although theoretical optimization policies have been presented for many
polymerization systems, very few of them have considered the diffusion-con-
trolled free radical polymerization which accounts for both gel and glass
effects.!! Most previous work dealt with a kinetic model with an added gel
effect into the kinetic expression. The model was proposed by Sacks et al.? and
is expressed as

o 172 —a
d (2fkd1) ,,(1 ) 2fk I "

— = +
dt ke g(a) M,

where k,, is the true termination constant, g(a) represents the effect of
molecular diffusion on termination rate, I is the initiator concentration, and
M, is the initial monomer concentration. This model usually leads to dead-
ending polymerizations and leaves reaction incomplete due to the early
depletion of initiators. In this case, the optimal temperature profile to mini-
mize either the reaction time or the MWD is an increasing curve.®1° Sacks
et al.l simplified the expression of the objective function for the minimum
MWD problem inadvertently by using a constant ultimate number average
chain length at each iteration in the boundary iteration solution scheme.!®
Based on their subsequent theoretical derivations, they concluded that for the
minimum MWD problem the instantaneous number average molecular weight
should be a constant along the optimal profile. As we shall see later, this
criterion does not hold.

In bulk free radical polymerizations, the “gel effect” or the “Trommsdorf
effect,” which results from diffusion-controlled termination reactions among
the large polymer radicals and may cause the autoacceleration of the polymer-
ization rate, must be accounted for. In addition, the propagation rates may
also become diffusion-controlled at high conversions when the polymerization
temperature is below the glass transition temperature of the polymer being
synthesized. For a typical free radical bulk homopolymerization such as a
chemically initiated styrene reaction, the reaction rate decreases in the early
period of reaction due to the consumption of monomers, then climbs up to the
second maximum point due to the gel effect. Finally, the reaction rate decays
rapidly to zero because of the glass effect. There is also a transition period
between the regions of the gel effect and the glass effect, which *  the so-called
limited gel effect region.?’ The reaction rate is lower in the limited gel effect
region than in the gel effect period.

The gel and the glass effects have often been accounted for by empirical
correlations of the rate constants with conversion.®?' Recently, more funda-
mental approaches using free volume theory or de Gennes’ reptation theory
have been quite successful to model these effects for homopolymers?®22-3 and
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for copolymers.®3! However, they have seldom been applied in the open-loop
optimal control of free radical polymerizations.

The purpose of this paper is threefold. First, the open-loop optimal temper-
ature control by using the kinetic model proposed by Sacks et al.? is reworked
using the variational method. The criterion of the minimum MWD policy is
clarified in this study. Second, a kinetic-diffusion model incorporating both
the gel and glass effects for the complete reaction course is used in the
open-loop optimal temperature controls for batch homogeneous free radical
polymerizations. The optimal temperature profiles to minimize reaction time
or molecular weight distribution are presented. Physical aspects implied by
these optimal temperature programs are elucidated as well. Third, experimen-
tal verifications of optimal temperature policies using the kinetic-diffusion
model are carried out.

For open-loop optimal control (functional optimization, optimum program-
ming, or dynamic optimization) problems, which arise in connection with
processes developing in time or space, one or more control variables must be
programmed to achieve certain terminal conditions. The problem is to deter-
mine, out of all possible programs for the control (decision, or manipulated)
variables, the one program that minimizes (or maximizes) one terminal quan-
tity while simultaneously yielding specified values of certain other terminal
quantities. A most recent review on open-loop optimal control was given by
Huang.'?

To derive theoretical optimal policies in the research area of polymeriza-
tions, such methods as Pontryagin’s maximum principle,2-71® pattern search
techniques,®!! or steepest descent method!®!” have been employed. The
steepest descent method is a control vector iteration approach to solve
classical variational problems. The problem formulation allows one to include
terminal constraints and stopping condition in addition to the objective
function. This method starts with a nominal (nonoptimum) control variable
program, and then improves this program in steps, using information obtained
by a mathematical diagnosis of the program for the previous step. Conceptu-
ally, it is a process of local linearization around the path of the previous step.
For optimization problems having terminal constraints and unspecified final
time, although simultaneous optimization and collocation methods®*3? can
possibly be applied and still be powerful, Huang'® has shown that the Slope
Min-H strategy® along with the steepest descent method® is very useful in
handling them. According to Denn,3¢ the basic theoretical and computational
framework for solving the optimization problems by variational methods has
been unchanged over the past 25 years. Considerable insight into the structure
of a problem can be obtained by the use of optimization techniques in
conjunction with a process model that contains the significant qualitative
features of the real system. For most applications the modern optimization
methods can be an important tool for guidance to the designer.

KINETICS

A generally accepted reaction mechanism for chemically initiated free
radical bulk polymerization of styrene can be represented by the following
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reactions:
e . ky

Initiation: I — 2R,

k;
R+M—M, k, >k,
. kP

Propagation: M, +M—M,,,. (2)
ke

Chain Transfer: M, +M— P, + M,

Termination ( combination) :

ks
Mn-+ Mm- Pn+m

The mechanism consists of chemical initiation by an irreversible initiator
decay of a first order to produce primary radicals R ., first order propagation
with respect to monomer M, first order chain transfer to monomer with
respect to monomer, and second order termination by combination. The
principle of equal reactivity of growing chains is assumed.

A kinetic-diffusion model developed in a previous work® is used here, which
can be expressed by a single equation as follows:

da 11—«
- 3

dt (1/\/771 + (772W3)2 + 77277'3) + 7y

where m, represents kinetic effect on propagation and termination for the
conventional kinetics region, m, and 7, denote diffusion effect on termination
and kinetic effect on propagation respectively for the gel effect affected region,
and =, accounts for diffusion effect on propagation during the vitrification
affected region. This model has been used to describe the styrene and unsatu-
rated polyester polymerizations® and the curing process of SMC molding and
vinyl casting.®’

OPTIMIZATION

A question we would like to raise now is what the optimal temperature
profiles would be in order not only to minimize reaction time or molecular
weight distribution but also to satisfy the ultimate monomer conversion and
cumulative number average molecular weight for the corresponding isother-
mal condition. The formulation of the minimum reaction time problem will be
discussed first, followed by the minimum MWD problem. In each case, two
kinetic models [i.e., egs. (1) and (3)] are considered. Only the formulation using
kinetic model with both the gel and the glass effects will be shown here. The
algorithms for the general optimization problem by using steepest descent®
for the first stage of computation and Slope Min-H?* as the final scheme will
be followed.
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Minimization of Reaction Time

We would like to determine the temperature profile 7(¢) in the interval
0 < ¢ < t;, so as to minimize the objective function, which is reaction time #;:

¢ =t (4)
The final time, £;, is determined by the stopping condition
Q=a(t;) —a*=0 (5)
where o* is the final specification of monomer conversion.

The state equations accounting for both the gel and glass effects for the
minimum reaction time problem are

da f(1,0,T) 1-« (6)
— = fi(1, a, =
dt (1/"/,”1 + (77'277'3)2 + '77'2‘773) + Ty
dl o 1 el da 7
_— = = - + dt
= fo(I,a,T) a T T ea dt @
dpg [M,] da
o _ i1 = 1—ca dt
dt f3( » & o T) fkal + CM]. —ea dt
da/dt
, poe(dosdt) ®)
1-ea
dp [Mo](l B a)
@~ D mn T) = kAoh + ke sk,
phe(1 = ) ®)
(1-—€a) P

where p; and A; are the ith moments of dead polymers and free radicals,
respectively, C,, is the chain transfer constant to monomers, and € is the
volume contraction factor.

The corresponding initial conditions are

I(0) = I, a(0) = po(0) = p,(0) =0 (10)

The terminal condition is the specification of the ultimate camulative number
average molecular weight, (X, >*

1 1 —
Y- (m/uo i <1‘fn>*)<X"> - )

Detailed numerical derivation of the optimization scheme is given elsewhere.!®
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Minimization of MWD
The objective here is to determine the temperature profile 7(¢) in the
interval 0 < £ < ¢;, so as to minimize the objective function, which is the
ultimate molecular weight distribution (MWD). The cumulative polydisper-
sity is used here as an index for the MWD. For the minimum MWD problem,
both models entail another state equation describing the second moment of

the polymer distributions, and its corresponding Green’s functions equation.
The objective function is the ultimate MWD. A general form is used here

o = pol(t; ot ) /n3(¢;) (12)

The stopping and terminal conditions are the same as egs. (5) and (11),
respectively. The state equations by employing the kinetic model with both
the gel and the glass effects are those in egs. (6) to (9) together with the one
describing the second moment of dead polymers:

dp,
E‘ = fG(I’ a, [y, T)
[M,](1 - a) poAe(l — a)
= 2 k 1
R (AAg + A2) + Ry, 1~ <a) A, + T " (13)
with the initial conditions
I0) =L, a(0) = pe(0) = py(0) = uy(0) =0 (14)

By following the similar procedures for the minimization of reaction time, the
problem for the minimization of MWD can be readily formulated. Details are
given elsewhere.!®

The computing procedures for the steepest descent and the Slope Min-H
have been discussed in details by Bryson and Denham® and Gottlieb®
respectively. Detailed solution procedures and numerical techniques used in
this work are given elsewhere.!®

MODEL PREDICTIONS

Bulk styrene polymerizations are used as examples here. The cases for the
optimization study are summarized in Table 1. The kinetic model with only
the gel effect was used in case 1, while the model accounting for both the gel
and glass effects was employed in case 2. For each case, both the minimum
time and the minimum MWD problems were investigated. The corresponding
isothermal conditions that achieved the specified ultimate monomer conver-
sion, «*, and final cumulative number average chain length (X, )* (case 1) or
molecular weight (M, )* (case 2) with the indicated initial initiator concentra-
tions [I,] are displayed in the table. [I,] and T were chosen so that case 1
shows dead-ending polymerization, and case 2 shows conventional polymeriza-
tion with both the gel effect and the glass effect.
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TABLE I
Summary of Case Studies for the Optimization

Systems [5] a* (X,>* or (M,>*  Isothermal Problem

Casel(a) ST + AIBN  0.00806M 0.5 1181.0 71.8°C Min time
(b) — - — — — Min MWD

Case2(a) ST + BPO 0.1082M 0.98 13431.76 100.0°C Min time
(b) — — — — — Min MWD

Optimization Using Model with the Gel Effect Only

The kinetic data® that were used are summarized in Table II. The onset
point of the gel effect has been modified slightly. Case 1 dealt with AIBN-ini-
tiated styrene reactions. The ultimate monomer conversion level was set at 0.5
and the final cumulative number average chain length at 1181. The isothermal
profiles of kinetic characteristics such as molecular weights, polydispersity,
monomer and initiator conversions, and reaction rate for monomer conversion,
corresponding to case 1 are shown in Figures 1(a) and 1(b).

The isothermal reaction corresponding to case 1 shows the behavior of dead
end polymerization [see Fig. 1(b)] since the ultimate initiator conversion
exceeds 0.9, while the ultimate monomer conversion only reaches a level of 0.5.
The reaction rate profile in the same figure exhibits a drastic decay due to the
dead ending during the reaction course, although the gel effect occurring after
a conversion of 0.3 somewhat moderates the decay. Figure 1(a) shows that
both the instantaneous number average chain length and the cumulative
polydispersity experience great increases, especially after a conversion of 0.3.
For the minimization of reaction time, Figure 2(b) shows that the optimal rate
profile is to decrease the reaction rate, relative to the isothermal one, before
the on-set of gel effect, and to increase the rate after that [compare Figs. 1(b)
and 2(b)]. It turns out that the optimal temperature profile shows a gradual
increase throughout the reaction [see Fig. 2(a)]. The temperature which is
lower than the isothermal case in the early stage of the reaction is to
compensate for the decrease of molecular weight that would occur when the

TABLE I1
Kinetic Data for Model with Gel Effect (Styrene)®
A, (Ls™ mol™h) 1.051 X 107
A, (Ls™ mol™1) 1.255 x 10°
Ag (8) 1.58 x 10'°
Ep (cal mol™1) 7060
E, (cal mol 1) 1680
E, (calmol™1) 30800
1.0
& = (ky/ky)? 0 < « < 0.2871
1.522-1.818a
02871 < a < 0.8
M kee/ Ry 1.0
f 0.5
[ M,] 87
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ISOTHERMAL(T= 71.8°C) [STYRENE + AIBN (0.00806 M)]
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MIN OF TIME [STYRENE + AIBN (0.00806 M)]
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Fig. 2(a). Optimal temperature, molecular weights, and polydispersity profiles of AIBN-ini-
tiated styrene reactions with [I;] = 0.00806M to minimize the reaction time with the target
a* = 0.5 and (X, )* = 1181.0 [case 1(a)]. ( - - - ) Initial temperature.
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Fig. 2(b). Optimal monomer conversion, reaction rate, and initiator conversion profiles of
AIBN-initiated styrene reactions with [1,] = 0.00806M to minimize the reaction time with the
target a* = 0.5, and (X, )* = 1181.0 [case 1(a)].
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TABLE III
Comparison of Isothermal, Nominal, and Optimum Results and Parameters
from Computer Simulation of AIBN-Initiated Styrene Reactions with
[I,] = 0.00806M, a* = 0.5, and (X,,)* = 1181.0 (Case 1)
(a) (0
(min time) (min MWD)
Case 1 Isothermal Nominal Optimum Nominal Optimum
Temp (°C) 71.8 41.8 Fig. 3(a) 56.8 Fig. 4(a)
[L,]1(M) 0.00806 0.00806 0.00806 0.00806 0.00806
o* 0.5 0.5 0.5 0.5 0.5
(X,)* — - 1181.0 — 1181.0
(Xndemy, 1181.25 3031.97 1181.00 1737.70 1181.08
PD, (t=¢) 1.63 1.51 1.53 1.51 1.51
PD,, (% decrease) — — — — 8.54%
c(=1-— I/Io),_,l 0.915 — 0.9140 — 0.9156
Reaction
time (min) 846.12 10909.33 773.04 2570.01 798.90
Time saving (%) — — 9.45% — —
Convergence check
187 |nax (°C) — — 2.55 x 1072 — 3.27 x 1071
No. of iteration — — 56 — 34
Vax 8500 CPU time — —_ 9 — 2

(min)

temperature is increased at the later reaction step. For the dead end polymer-
ization, the instantaneous number average molecular weight will rise rapidly
and the MWD will become broader after the onset of gel effect. The optimal
temperature program depresses such increases because the molecular weight
decreases as temperature increases [compare Figs. 1(a) and 3(a)]. The time
saving as a result of optimal temperature policy, relative to the isothermal
case, is 9.5%. Table III shows more details for the results.

The optimal temperature profile to minimize the reaction time also reduces
the MWD for reactions characterized by dead end phenomena, but does not
minimize the MWD. Although the optimal temperature profile to minimize
the MWD shown in Figure 3(a) is again an increasing curve, it reveals distinct
features. Prior to a monomer conversion of 0.3, it shows a slight increase to
depress the deviation between the instantaneous and the cumulative number
average molecular weights for the corresponding isothermal reaction [see Figs.
1(a) and 3(a)]. This is in contrast to the temperature profile to minimize the
reaction time during the same period as shown in Figure 2(a), which increases
in a slightly excessive manner that a reverse deviation between the two
molecular weights results [compare Figs. 1(a), 2(a), and 3(a)]. After a conver-
sion of 0.3 the optimal temperature is higher for the case of minimum MWD
than for that of the minimum time in order to reduce the deviation of the two
molecular weights to the least amount as possible in the corresponding
isothermal reaction [compare Figs. 2(a) and 3(a)]. Alternatively, the difference
between the two optimal temperature profiles can be clarified by comparing
the optimal reaction rate profiles in Figures 2(b) and 3(b), respectively. These
rate profiles reflect that lower temperatures in the early part and higher
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MIN OF MWD [STYRENE + AIBN (0.00806 M)]
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Fig. 3(a). Optimal temperature, molecular weights, and polydispersity profiles of AIBN-ini-
tiated styrene reactions with [J,] = 0.00806M to minimize the molecular weight distribution
(MWD) with the target a* = 0.5, and (X, )* = 1181.0 [case 1(b)].
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temperatures in the later part of the reaction must have been applied for the
case of minimum MWD than those of the minimum time. Figure 3(a) discloses
that a lower level of cumulative polydispersity, relative to that in Figure 2(a),
results. A decrease in PD, under the optimal profile can be up to 8.54% when
compared with the isothermal case as displayed in Table III.

Optimization Using Model with Both the Gel and the Glass Effects

The numerical values of parameters for the kinetic model with both the gel
and the glass effects are listed in Table IV. The isothermal profiles of
molecular weights, conversions of monomer and initiator, and reaction rate
relative to case 2 are shown in Figures 4(a) and 4(b). It dealt with a
BPO-initiated styrene reaction at T = 100°C with [I,] = 0.1082M, an ulti-
mate monomer conversion of 0.98, and a final (M,,) of 13,431.

Figure 4(b) shows that the polymerization exhibits the conventional behav-
ior since the rate of initiator consumption is much lower than that of
monomer consumption during reaction. Figure 4(a) shows that, for the con-
ventional polymerization, the instantaneous number average molecular weight
Mn decreases with conversion prior to the onset of gel effect, but increases

TABLE IV
Kinetic Data for Model with Both the Gel and the Glass Effects (Styrene)

a. Kinetics*?
qzo/2 fIy = 0.0966 (isothermal)
q2o/2 fI, = O (optimization studies)
[I,] = 0.1082M
g=f=10
kg, (min~1) = 5.9 x 10" exp(—28400/RT)
T,p = 366.7K
T = 1850K
B, = 0.00048
By = 0.001
A= 1for T > 85°C
A =03for T < 85°C
d,, (g/em®) = 1.084 — 0.000605(T — 273.2)
dyy (g/cm®) = 0.924 — 0.000918(T — 273.2)
2 flykyoF (min~1) = 0.01 exp(2681 /RT)
2 fIokgk2o/keo (min~2) = 1.8 x 10Bexp( —45214/RT)
A,y (min) = 2.73 X 10" exp(—27454/RT)
By = 0.42
B, = 0.01837
A,/F (min) = expla’ + &(In1/V; — In1/V;g) + ¢'(In1/Vp — In1/V}g)?]
where a’ = —14.83 + 6845/T
b = —14.17 + 5213/T
¢ = —8.56 + 2473/T
In1/V;, = 32824
b. Molecular weights*
Cy = 1.00exp(—3212/T)
f=10
[1,] = 0.1082 mol /L
[M,] = 8.6635 mol /L
koo = 7.138 x 10%exp(—5616,T) (s™* M~ )"
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ISOTHERMAL(T= 100.0°C) [STYRENE + BPO (0.1082 M)]
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during the gel effect region. It decreases somewhat in the limited gel effect
region, followed by a rapid drop once the glass effect occurs.

Both the gel effect and the glass effect can result in an increase in the
cumulative polydispersity, i.e., the broadening of the molecular -<ight distri-
bution [see Fig. 4(a) for monomer conversion range of 0.8—-0.9 and of 0.95-0.98,
respectively], but for different reasons. The gel effect, which is due to diffu-
sion-controlled termination, leads to more polymers having longer chains. The
increase of weight average molecular weight is thus more enhanced than that
of number average molecular weight. By contrast, the glass effect, which is
due to diffusion-controlled propagation, causes more shorter chain polymers.
Consequently, the decrease of number average molecular weights is much
more marked than that of weight average molecular weights. In either case,
the outcome of the MWD is the same.

The optimal temperature profile to minimize the reaction time starts with a
constant temperature of 103.5°C until a conversion of 0.4, followed by a
gradual decrease which passes 100°C at a conversion of 0.6 and reaches 95.5°C
at a conversion of 0.8, and then maintains that level up to a conversion of 0.9.
Finally, it increases gradually to 97°C at a conversion of 0.95, and rises rapidly
to 104°C up to the final conversion of 0.98 [see Fig. 5(a)]. The physical aspect
implied by the optimal temperature profile is that a temperature higher than
the corresponding isothermal temperature (i.e., 100°C) is employed at the
earliest possible time (i.e., for the conventional kinetic region up to a monomer
conversion of 0.6), but a temperature lower than 100°C is required at the later
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Fig. 5(a). Optimal temperature, molecular weights, and polydispersity profiles of BPO-ini-
tiated styrene reactions with [I,] = 0.1082M to minimize the reaction time with the target
a* = 098, and (M, >* = 13431.76 [case 2(a)].
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target a* = 0.98, and (M, )* = 13431.76 [case 2(a)].

time [i.e., for the gel effect (0.6-0.9 conversion) and the limited gel effect
(0.9-0.95 conversion) regions] to compensate for the deterioration of the
molecular weights due to the higher temperature applied in the preceding
step. Finally, higher temperature should be used (i.e., for the glass effect
region from 0.95 to 0.98 conversion). For the last 8% of monomer conversion
(i-e., 0.9-0.98 conversion), the first gradual temperature increase (i.e., from 0.9
to 0.95 conversion) is to shorten the reaction time during which the limited gel
effect predominates, while the second sharp increase (i.e., from 0.95 to 0.98
conversion) is to reduce the time during which the glass effect is overwhelm-
ing. Since the reaction rate is much lower in the glass effect region than in the
limited gel effect period, higher temperature is employed for the former
period.

One should differentiate this case form case 1(a) where the reaction is of
dead ending instead of conventional. For case 1(a), if higher temperatures had
been applied in the early step, the specifications of ultimate monomer conver-
sion would not have been achieved owing to the dead ending phenomenon.
Therefore, the optimal policy is to start with a lower temperature and keep
increasing the temperature till the end. For conventional polymerizations, the
time saving due to the optimal temperature profile essentially originates from
the first (kinetics-controlled) and last (vitrification-controlled) stages of the
reaction. This is in contrast to the case of dead end polymerization where the
saving mostly comes from the later stage (severe dead ending and gel effect).
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TABLE V
Comparison of Isothermal, Nominal, and Optimum Results and Parameters
from Computer Simulation of BPO Initiated Styrene Reactions with
{I,] = 0.1082M, a* = 0.98, and (M, )* = 13431.76 (Case 2)

(@) (b)

(min time) (min MWD)
Case 2 Isothermal Nominal Optimum Nominal Optimum

Temp (°C) 100.0 105.0 Fig. 5(a) 105.0 Fig. 6(a)
[I,1 (M) 0.1082 0.1082 0.1082 0.1082 0.1082
o* 0.98 0.98 0.98 0.98 0.98
(M)H* - — 13431.76 — 13431.76
(M), 13431.76 11481.18 13431.68 11481.18 13430.94
PD,-.,) 1.60 1.58 1.68 1.58 1.54
PD,, (% decrease) — — — — 3.4%
c(= 1= I/L),-,, 0.5123 - 0.5114 — 0.5124
Reaction

time (min) 67.44 54.16 64.56 54,16 72.53
Time saving (%) — — 4.46% — —
Convergence check

[8T g (°C) — — 7.51 X 107* — 4.60 x 10™*
No. of iteration — — 24 — 25
Vax 8500 CPU time

(min) — — 4 — 8

Table V shows that a time saving of 4.46% is obtained as a result of the
optimal policy when compared with the isothermal case. Although the reac-
tion time is minimized, the ultimate cumulative polydispersity increases
greatly [compare Figs. 4(a) and 5(a)].

To minimize the MWD, Figure 6(a) shows that the optimal temperature
follows a decreasing temperature strategy up to 60% conversion. It starts with
a temperature of 108°C, passes 100°C at a conversion of 0.3, and reaches 98°C
at about 60% conversion. Subsequently, it increases gradually from 98°C to
105°C at a conversion of 0.8, followed by a decrease to 91°C up to a conversion
of 0.95. From the conversion of 0.95-0.98, the temperature increases slightly
from 91 to 93°C. The basic principle of MWD minimization is to minimize the
deviation between the instantaneous and the cumulative number average
molecular weights for the corresponding isothermal reaction. The isothermal
profiles of the molecular weights in Figure 4(a) show that deviations between
the two molecular weights exist for the entire reaction. In the kinetics-con-
trolled region up to a conversion of 0.6, the deviation is minor. It becomes
severe in the gel effect region from a conversion of 0.6-0.9. Although the
deviation is reduced appreciably in the limited gel effect region from a
conversion of 0.9-0.95, a great deviation develops in the glass effect region
form a conversion of 0.95-0.98. To correct the deviations between the two
molecular weights, the optimal temperature profile follows exactly the way
the instantaneous molecular weight varies in the corresponding isothermal
reaction [compare Figs. 4(a) and 6(a)]. Prior to 95% conversion, all the
temperature variations to remedy the deviations are based on the fact that
the instantaneous number average molecular weight is a decreasing function
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of temperature. However, as the glass effect sets in, lowering temperatures will
further restrict the monomer mobilities in the propagaion step, and, in turn,
decrease the instantaneous number average molecular weight. Therefore, to
reduce the limitation of propagation due to the glass effect, the optimal
temperature profile from a conversion of 0.95-0.98 is to raise the temperature
from 91 to 93°C as shown in Figure 6(a). As a consequence of the optimal
profile, the ultimate cumulative polydispersity decreases by 3.4% when com-
pared with the isothermal reaction [see Table V, and compare Figs. 4(a) and
6(a)]. However, the reaction time is prolonged. Table V shows an increase of
5 min in reaction time, which is 7.5% more than the time required by the
isothermal reaction.

EXPERIMENTAL VERIFICATIONS

Experimental verifications of the optimal temperature profiles to minimize
the reaction time and MWD were conducted for styrene polymerization
initiated by benzoyl peroxide (BPO). Styrene was first freed of inhibitor by
the usual procedures. Three parts of initiator, BPO, and 0.26 part of bezo-
quinone (BQ) were then added to the 100 parts of monomer. Thirty to 45 mg
of sample were put into a preweighed stainless steel pan and loaded into a
differential scanning calorimeter (DSC-2C, Perkin-Elmer). At a heating or
cooling rate of 320°C/min, the DSC was employed to simulate the optimal
temperature profiles by a piecewise temperature change for every 2 min using
manual control. The equilibrium time during the temperature changeover was
less than 1 min. At nominal conversions of 20, 40, 60, 80, 90, or 100%
determined by the reaction times from the theoretical prediction, the sample
pan was removed and quickly quenched with ice. Two such cured samples for
each nominal conversion were prepared for subsequent conversion and molecu-
lar weight measurements.

One cured sample was then reheated from 40 to 200°C in the scanning mode
of DSC with a heating rate of 5°C/min to determine the residual exotherm
left. The total heat of reaction was calculated from areas under both DSC
curves, and the conversion of the partially cured sample was readily obtained.!®
The other partially cured sample was dissolved in chloroform (0.04 mL/mg
polymer) and the polymer was precipitated in excess chilled methanol (0.2
mL/mg polymer).?®® The polymer was separated from the solution by cen-
trifuging at 3300 rpm for about 30 min, and the recovered wet cake of polymer
was air dried overnight. Polymer solution (0.1 wt %) in tetrahydrofuran was
prepared. The molecular weights and molecular weight distribution were then
measured by a gel permeation chromatograph (GPC, Waters) with a Rheo-
dyne 7010 sample injection valve, a Model 6000A solvent delivery system, four
ultrastyragel columns (102, 103, 10%, and 10® A pore sizes), and a Model 410
differential refractometer.

RESULTS AND DISCUSSIONS

Three sets of experiments using the isothermal temperature (100°C), opti-
mal temperature policies for minimum time [i.e., Fig. 5(a)] and minimum
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TABLE VI
Comparison of Experimental and Calculated Conversion and Molecular Weights
Histories under Isothermal Temperature (100°C)

Conversion (M) PD,
Time (min) (Exptl) (Calced) (Exptl) (Caled) (Exptl) (Calced)
9.65 0.324 0.221 12850 14698 1.81 1.51
20.65 0.482 0.415 15730 13912 1.63 1.51
34.65 0.645 0.615 15519 13444 1.76 1.51
48.65 0.864 0.821 18596 13925 1.87 1.52
56.65 0.951 0.936 16097 14301 2.06 1.53
67.25 1.0 0.980 18351 13450 2.10 1.60
TABLE VII

Comparison of Experimental and Calculated Conversion and Molecular Weights
Histories under Optimal Temperature Policy for Minimum Reaction Time

Conversion (M) PD,
Time (min) (Exptl) (Calcd) (Exptl) (Caled) (Exptl) (Calcd)
6.65 0.340 0.208 12034 13589 1.77 1.51
14.65 0.505 0.399 12936 12862 2.10 1.51
27.65 0.654 0.609 15408 12543 1.73 1.51
43.65 0.829 0.805 17350 13506 1.94 1.56
51.65 0.888 0.909 18378 14233 2.09 1.61
64.45 0.996 0.980 19524 13449 2.06 1.68
TABLE VIII

Comparison of Experimental and Calculated Conversion and Molecular Weights Histories
under Optimal Temperature Policy for Minimum Molecular Weight Distribution (MWD)

Conversion (M, PD,
Time (min) (Exptl) (Caled) (Exptl) (Caled) (Exptl) (Caled)

6.94 0.275 0.200 12266 13930 1.77 1.51
18.94 0.518 0.407 14875 13657 1.70 1.51
34.94 0.654 0.606 15806 13578 1.76 1.51
47.94 0.826 0.810 18591 13691 1.84 1.51
52.94 0.948 0.902 19550 13807 1.88 1.51
72.33 0.998 0.980 18773 13441 1.99 1.54

MWD [i.e., Fig. 6(a)] were investigated following the procedures outlined
above. A comparison of the experimental data and model predictions for
conversion, cumulative number average molecular weight, and polydispersity
at different reaction times is displayed in Tables VI-VIII for isothermal,
minimum time, and minimum MWD strategies, respectively. As can be seen
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from these tables, the experimental conversion data resulting from the ther-
mal method are in good agreement with the model predictions except at low
conversions in each case. However, the experimental cumulative number
average molecular weight and polydispersity data reveal some deviations in
comparison with the calculated ones with most of the experimental data
somewhat higher. The discrepancies between the experimental and calculated
results for cumulative number average molecular weights and for polydisper-
sity in particular could not be reduced too much even if experimental molecu-
lar weight data were employed in parameter fitting procedures during the
development of the kinetic model for chemically initiated high conversion
diffusion-controlled free radical polymerization systems.?®3" In the optimiza-
tion of high conversion thermal polymerization studies, Wu et al.” used a
kinetic model proposed by Hui and Hamielec,*® which was developed by using
the experimentally determined conversion, and number and weight average
molecular weights over the ranges of temperature and conversion investigated
to fit parameters in the zeroth, first, and second moment equations for dead
polymers. Therefore, it was quite accurate in predicting conversion and
molecular weights. On the other hand, in the optimization of chemically
initiated medium conversion free radical polymerization studies, Chen and
Jeng* used a kinetic model developed by Sacks et al.,® which was developed
by employing only the experimental conversion data to fit parameters in the
rate equation for monomer. Moment equations for dead polymers were deter-
mined without resorting to any molecular weight data. The same principles
have been adopted in developing our kinetic model. Consequently, it is not
unexpected that model prediction was good for conversion but not as good for
the molecular weights.

Although the absolute values of the predicted molecular weight and MWD
deviate somewhat from the experimental data, the predicted improvements
from the optimization policies show consistent trends. Under isothermal
temperature policy, experimental data in Table VI indicate that, at the
ultimate reaction time of 67.25 min, conversion, cumulative number average
molecular weight, and polydispersity attain a level of 1.0, 18,351, and 2.1034,
respectively. Table VII shows that the optimal temperature policy for mini-
mum reaction time leads to an ultimate conversion of 0.996 and a number
average molecular weight of 19,524 at the end of 64.45 min, with deviations in
conversion and molecular weight being 0.4 and 6.4%, respectively, in compari-
son with the target values obtained from the isothermal experiment. On the
other hand, Table VIII shows that the optimal temperature policy for mini-
mum MWD results in final conversion, cumulative number average molecular
weight, and polydispersity at a level of 0.998, 18,773, and 1.9939, respectively,
at the end of 72.33 min. The conversion and the number average molecular
weight deviate 0.2 and 2.3%, respectively, from the target values in the
isothermal experiment. The decrease in polydispersity is 5.2%, which is very
close to the theoretical prediction of 3.4% as shown in Table V. Therefore,
despite the model validation by experiments being less than satisfactory, the
trends of policy improvements for minimum reaction time and minimum
MWD are consistent.
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CONCLUSIONS

The open-loop optimal temperature control or functional optimization
problems for the batch free radical bulk polymerizations of styrene in
lumped-parameter systems have been formulated by variational methods.
Rational computational procedures which include the steepest descent method
as the first phase and a Slope Min-H strategy as the final phase have been
employed. The stopping condition and terminal constratints can be incorpo-
rated easily in the scheme in addition to the objective function. Both the
minimum time and the minimum molecular weight distribution (MWD)
problems can be solved numerically with very good convergence and short
computing time.

For the minimum time problem, the optimal temperature program uses
lower temperatures in the early stage and higher temperatures in the later
stage for dead ending polymerizations. For conventional polymerizations, if
the ultimate monomer conversion is high enough for the reaction to encounter
an appreciable gel effect, the optimal temperature policy simply reverses the
strategy used in the case of dead ending, i.e., higher temperature in early and
lower temperature in later steps. If the glass effect exists as well, the optimal
temperature policy in that period is to raise the temperature in order to
mitigate the limitation of propagation due to vitrification.

For the minimum MWD problems, the optimal temperature policy is to
minimize the deviations between the instantaneous and the cumulative num-
ber average molecular weights for the corresponding isothermal reaction.
Sacks et al.l? have used an inappropriate expression for the objective, and
derived that the instantaneous number average molecular weight should be
kept constant along the optimal path if the ultimate MWD is to be mini-
mized. This assertion has been found incorrect in this work. The optimal
temperature profile to minimize the ultimate MWD follows quite closely the
variations of the instantaneous number average molecular weights under the
corresponding isothermal condition. For dead ending polymerizations, under
isothermal condition, the instantaneous number average molecular weight is
essentially constant for the early stage and increases rapidly with conversion
later when the dead ending phenomenon becomes severe. The optimal temper-
ature policy uses essentially a constant temperature for the early stage, and
employs an increasing temperature strategy to minimize the deviations of the
two molecular weights. For conventional polymerizations, under isothermal
condition, the instantaneous number average molecular weight decreases
slowly in the kinetics-controlled region. It increases quite rapidly during the
gel effect region, followed by a moderate decrease during the limited gel effect
region, and finally ends up with a drastic drop. Since the deviations between
the instantaneous and the cumulative number average molecular weights is
basically reflected by the profile of the instantaneous number average molecu-
lar weight, the optimal temperature essentially follows this profile for the
corresponding isothermal reaction except that in the glass effect region the
optimal policy is to increase the temperature rather than to decrease it due to
the reverse temperature dependency on molecular weights relative to the
preceding regions.
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In general, minimizing the reaction time does not guarantee that the
ultimate MWD will be minimized simultaneously. It has been found that if
one of the objectives is minimized, satisfying the other objective would usually
become worse. For dead-ending polymerizations, minimizing the reaction time
also greatly reduces the ultimate MWD. However, under no circumstances
would both objectives be minimized simultaneously. Therefore, the assertion
by Chen and Huang,® who claimed that, for dead-ending polymerizations,
minimizing the reaction time would minimize the ultimate MWD as well, is
incorrect in a strict sense.

DSC and GPC were employed to test the validity of the optimization
results. Experimental verifications of optimal temperature profiles show that
while the conversions of monomer during experiments are in reasonable
agreement with predictions of the model, the cumulative number average
molecular weight and polydispersity encounter some deviations. Nevertheless,
the trends of policy improvements between the experimental work and the
theory for chemically initiated high conversion diffusion-controlled free radi-
cal polymerizations in lumped-parameter systems are consistent.
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